In this letter we calculate the scalar induced gravitational waves (SIGWs) accompanying the formation of primordial black hole during the radiation dominated era in three different gauges, i.e. synchronous gauge, Newton gauge and uniform curvature gauge, and we find that the energy density spectra of SIGWs, ΩGW(k), are identical in these three different gauges.
Introduction. Primordial black holes (PBHs) have attracted a lot of attention recently, because they not only provide a possible explanation [1, 2] to the mergers of binary black holes discovered by LIGO [3] , but also can compose of all of dark matter (DM) in a substantial window in the mass range of [10 −16 , 10 −14 ] ∪ [10 −13 , 10 −12 ]M even though there are many constraints on the abundance of PBHs in DM from various observations .
PBHs form from the gravitational collapse of over-densed regions seeded by large curvature perturbations [25, 26] on small scales after the corresponding wavelength re-enters the horizon once the curvature perturbations exceed a critical value. Since the curvature perturbations couple to the tensor perturbations at second-order, such large curvature perturbations also produce the so-called scalar induced gravitational waves (SIGWs) in the radiation dominated era [27] [28] [29] [30] [31] [32] [33] . SIGWs are supposed to be a new probe to the PBHs [34] [35] [36] . See some other relevant papers in .
Unfortunately, even though the gravitational waves (GWs) are gauge invariant at first order, they fail to remain so at the second order (see e.g., [63] ). It is therefore quite natural to suspect that the energy density spectrum of SIGWs, Ω GW (k), is also gauge dependent. The SIGWs in different gauges are calculated in [61, 62, 64, 65] . In particular, the authors in [62] pointed out that the response of detector like LISA to the SIGW signals should be calculated in synchronous gauge because the projected sensitivity curves for the LISA are given in that gauge. Interestingly, they also noticed that Ω GW (k) in the synchronous gauge is at least one order of magnitude smaller than the one in the Newton gauge [62] . In this letter, we will carefully revisit the gauge problem in SIGWs by explicitly calculating Ω GW (k) in three different gauges: synchronous gauge, Newton gauge and uniform curvature gauge, and we find that the spectra of Ω GW (k) are identical in these three gauges explicitly.
Perturbations of metric. The most generic perturbed metric that contains scalar perturbations and GWs can be generally written by
where φ, B, ψ and C are four scalar modes of the metric perturbation, and h ij is the tensor mode which should satisfy h i i = 0. On the other hand, the perturbed stress tensor described by perfect fluid up to first-order reads
where v is the velocity potential for irrotational scalar perturbations. If one considers a first-order change in the coordinate such thatη
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ψ= ψ + HT,
v= v + L ,
where a prime denotes a derivative with respect to conformal time η. Fixing T determines the time-slicing while choosing L decides the spatial coordinates used to calculate the physics quantities. Based on these transformations, two gauge-invariant quantities can be constructed as
where σ ≡ C − B is the shear potential. One can show from the first-order Einstein equation that Φ = Ψ if there is no anisotropy. Below we will investigate the energy density spectrum of SIGWs under different gauge conditions. We perform all the calculations in a radiation dominated (RD) universe. The evolution of the GWs is govern by
where H ≡ a /a is the conformal Hubble parameter, and T m ij is the projection operator [67] onto the transverse and traceless tensor. An expression for the source term, S m , without fixing gauge can be found in [65] . The solution of GWs in Fourier space can be obtained by Green's function, namely
where S(k, η) ≡ −4e ij (k)S(k, η) and S(k, η) is the source term in Fourier space. The Green's function is given by g k (η; η ) = 1 k sin(kη − kη ) in a RD universe. SIGWs in synchronous gauge. The synchronous gauge, which is dubbed TT gauge in [62] , requires that φ = B = 0. The corresponding source term is
The equation of motion for φ and σ can be obtained from the first-order spatial Einstein equations, namely
The solutions to above equations are
where we have normalized the coefficient such that the initial value of Φ is Φ k . In Fourier space, the source term becomes
Here, we put all the time dependent part into the transfer function which reads
The dimensionless variables are defined as u ≡ p/k, v ≡ |p − k|/k and x ≡ kη. Our convention for the polarization tensor results in e ij p i p j = p 2 / √ 2 sin 2 θ cos 2φ and p 2 / √ 2 sin 2 θ sin 2φ for + and × modes respectively. Unless otherwise being stated, the prime with T (y) represents the derivative with respect to y, other than the conformal time η. By defining the two-point correlator as
the density parameter which is defined by the energy density per logarithm wavelength normalized by the critical energy density can be evaluated as (see e.g. [49] )
where we have used that H = η −1 and a(η)/a(η) =η/η in RD era. Eq. (20) is the density parameter evaluated at matter-radiation equality. To get the density parameter by today, one needs to multiply the radiation density parameter, Ω r . In the last step of Eq. (20), we define
with the overline denotes the oscillating average andF S (u, v, x) ≡ (F S (u, v, x) + F S (v, u, x))/2 is the symmetric part of the transfer function. Although one may write the transfer function in an unsymmetric way, it is equivalent to extract its symmetric part and perform the calculation. We follow [49] to obtain the analytical expression for I 2 S , namely
SIGWs in Newton gauge. The conformal Newton gauge, which is also known variously as orthogonal zero-shear gauge, Poison gauge or longitudinal gauge, demands that B = C = 0. Under Newton gauge, φ = ψ = Φ is just the usual gauge-invariant gravitational potential. This gauge has been well studied over the past decade and we only take a brief review. The source term is given by
The transfer function in Newton gauge is
and T φ can be easily obtained since φ = Φ, namely
A simple way to derive this result is to construct Φ through Eq. (9) in synchronous gauge with ψ and σ given by Eq. (15) . Following the procedure in synchronous gauge, I 2 can be evaluated as [48, 49] 
SIGWs in uniform curvature gauge. Another choice of gauge is the so-called uniform curvature gauge by setting ψ = C = 0. The source term in uniform curvature gauge is studied recently in [61] and is given by
Although a standard way is to derive the equation of motion for φ and B, we can express the source term by Φ based on Eq. (9) . In this way, one can write the transfer function as
without solving φ and B. T Φ is given by Eq. (25) , and I 2 can be obtained as
Result of Ω GW (k). In general, the energy density spectrum of SIGWs at matter-radiation equality is given by
Choosing a gauge will fix the expression of I 2 (u, v, x → ∞). Since I 2 is identical in these three gauge, they will generate the same density parameter. First of all, we consider a δ-power spectrum parameterized by P Φ (k) = Ak * δ(k−k * ), with a dimensionless amplitude A peaked at k * . A δ-power spectrum corresponds to a monochromatic PBH formation and is very useful in analytical studies. The density parameter is exactly the same and has the following functional form
wherek ≡ k/k * is the dimensionless wavelength. One can also consider a Gaussian-like power spectrum parameterized by
Our numerical results for the density parameter Ω GW (k) in different gauges are illustrated in Fig. 1 .
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Uniform cuvature Gauge Summary and discussion. In this letter we explicitly calculate the energy density spectra of SIGWs, Ω GW (k), in Newton gauge, synchronous gauge and uniform curvature gauge, respectively, and we find that the energy density spectra in different gauges have the same form. It implies that the energy density spectrum of SIGW is gauge independent. Again, referring to [35] , the log-dependent slope of Ω GW (k) in the infrared region can be taken as a distinguishing feature for the SIGWs.
Note added. Recently, the authors in [62] corrected their results in v1 and concluded that the abundance of the gravitational waves induced by the scalar perturbations is independent of gauge.
